The overall aerodynamic performance of every flying vehicle is strongly dependent on near-wall effects. In hypersonic flows, the viscous effects near the wall have an even greater importance from the standpoint of thermal loads (i.e., heat flux and temperature distributions) and aerodynamic performance (i.e. L/D). Based on these considerations, it is important to understand the physics that characterize the boundary layer and its interaction with the vehicle's surface to simulate its behavior for different surface parameters such as the type of material, surface manufacturing, surface coating, wall geometry, mass exchanges, 
I. Introduction
o approach sustained flights at hypersonic Mach number the high dynamic pressure flight trajectories, the necessity of reducing the aerodynamic drag, the extended flight duration time and the need for a reusable Thermal Protection System (TPS) are stringent requirements. Close to the surface of the vehicle, the viscous dissipation within of the boundary layer greatly increases the wall heat flux and the surface temperature. The use of reusable Thermal Protection Systems (TPS) is an enabling technology for the utilization of hypersonic vehicles as practical, long-range hypersonic transport and routine, affordable space access. Considering the high thermal loads generated at the wall, the maximum surface temperature for which the material is guaranteed to maintain the required thermo-mechanical properties and environmental durability can be surpassed. Currently no materials are able to sustain these temperatures for long periods of time. For this reason, a cooling system is necessary to maintain the integrity of the structure. In this work the transpiration cooling technique is analyzed. Transpiration cooling is one of the most effective methods to cool down the material for reusable TPS 1 . The transpiration method is an active cooling technique that consists of the release of a coolant fluid from a porous structure into the boundary layer to decrease the temperature gradient at the wall. When heat is removed from the structure by the transpiring fluid the skin friction, as the thermal stresses, is also reduced. The transpiration conditions are strictly connected to the heat exchange between the porous material and the boundary layer flow. It is clear that the aerodynamic performance and II.T the material performance are strongly dependent and they have to be coupled in order to build up an efficient cooling system.
II. Literature Review on Boundary Layer Solution Procedures
Many solution methods have been proposed to solve the boundary layer problem after the first theorization by Prandtl (1904) 2 . In general, two main approaches are possible to solve the boundary layer equations: The integral method and the differential method. The integral method solves the Navier-Stokes equations in the integral form applying the conservation principles to a control volume that is finite in the transverse direction (where the variation of thermodynamic properties is more important), and differential in the stream-wise direction. The differential method applies the conservation principles to a differential fluid's volume. The integral method is computationally less costly compared to the differential method, but it isn't suitable for a precise estimation of quantities such as ‫ܥ‬ or ‫ݍ‬ ௐ because with the integration across the boundary layer thickness all the thermodynamic properties are lost and only the boundary conditions are taken into account. In the integral method, in order to extract velocity or temperature profiles along the boundary layer thickness (y-direction), it is necessary to consider polynomial expressions for the velocity (Pohlhausen method) 2, 3 . Otherwise, one can consider non dimensional functions to simplify the problem and solve the integral equations (Thwaites-Walz method) 3, 4 . This type of transformation cannot extract the variance of thermodynamic properties along the y-direction. The integral method is good for a rapid estimation of the heat fluxes, wall temperature, and skin friction for a first order calculation. In the hypersonic field, where a detailed description of the flow into the boundary layer is necessary, the differential methods are preferred. The differential methods are mathematically more complex with respect to the integral methods, but can exactly solve the boundary layer problem without assumptions on the initial profile of the thermodynamic variables. It permits the computation of the velocity and temperature profiles allowing the subsequent calculation of the wall skin friction drag and the wall heat transfer. Considering the differential method, it is possible to adopt Self Similar Methods or Difference Differential Methods. The SSM transforms the Cartesian space (x;y) to a dimensionless (ξ;η) space by means of different coordinate transformations (i.e. Illingworth-Levy or Levy-Lees) 4 . For particular cases, under specific coordinate transformations, the flow field profile becomes independent along the surface (i.e. u=u(η), T=T(η) etc…). Self-Similar solutions have been extracted for the flat plate geometry and incompressible flow (Blasius equation) 2,3,4,5 . For compressible flows, the Chapman-Rubesin coefficient is introduced 3 :
The x-momentum and energy equations in the transformed space become
These equations are valid for any geometry and with the assumption that the transversal pressure remains constant in the boundary layer (݀ܲ ‫ݕ݀‬ ⁄ = 0). After calculating the solution in terms of ݂ and ݃ another operation is then needed to transform again the (ߦ; ߟ) space in ‫;ݔ(‬ ‫)ݕ‬ space 2, 5 . The SSM has the main advantage to transform the PDE's to ODE's that can be easily solved. Indeed, the DDM solves directly the PDE's subdividing the boundary layer domain in a mesh grid. It solves the equations substituting the ߲ operator with ∆ operator and using a combination of forward, upward and central finite differences 6, 7 .
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III. Mathematical Model
In the present section the modeling of the hypersonic boundary layer is reported. A complete description of the method, the assumptions, and the complete derivation of the resulting system of equations is available in a previous work 7 . As discussed in section II., the BL problem has been approached with the differential method because of the necessity to calculate the thermodynamic properties over all points of the BL. The following assumptions are considered:
The energy and species equations have been simplified using the solution proposed by Crocco 8, 9 . In this analysis the transpiration of air into the boundary layer is considered. This assumption implicitly considers a single species (ܰܵ = 1) because, in this case, only air is present into the boundary layer 6 . However, a two-species model has been implemented in the system of equations we derived in this study (3) . This ensures a degree of freedom on the choice of the transpiration fluid (ܰܵ = 2) for future work. The associated boundary conditions at the wall are presented in (4).
In literature, the transpiration cooling is taken into account as a boundary condition by means of the product of the density and the transversal velocity calculated at the wall 4,5 (ߩ ௐ • ܸ ௐ ). Considering a non-reacting flow, the resulting wall density is constant if a constant wall temperature is assumed and considering that the pressure is imposed by the external conditions (third equation in (3)). In this fashion, the transpiration cooling is taken into account only on the transversal velocity at the wall (ܸ ௐ ). It is implicitly assumed that the exit temperature and pressure of the coolant fluid are the same of those at the wall. This assumption illustrates the importance of the coupling of both the material and the conditions of the hypersonic flow. In fact, in order to estimate the thermodynamics properties of the coolant fluid at the exit of the material, and so to correctly predict the right amount of coolant fluid to blown into the boundary layer, it is necessary to know what the thermal exchange into the porous material is. The system (3) is composed of two PDE's and six algebraic equations. It should be remarked that this mathematical model solves simultaneously algebraic equations and PDE's. In previous works 7, 12 , to obtain a rapid estimation of BL properties with transpiration, the algebraic energy and species equations were implemented into SSM with particular expressions for the injection parameter (ܸ ௐ ∝ ‫.)ݔ√/1‬ This binding expression for the wall velocity allows the extraction of a self similar solution along the flat plate length. The complete equation system had been solved with CFD solvers. The mathematical model (3) is able to estimate the effects of transpiration without constraints on the injection velocity.
IV. Numerical Solution
The numerical solution of the BL problem with variable transpiration has been found by solving the equation system (3) with a mix of central and forward finite differences. It is possible to solve the differential transport equations (3) by the SSM, the DDM or a coupling of both. The SSM is preferable to the DDM because it transforms the PDE's into ODE's that can be simply solved. The SSM is not considered for our transpiration problem because to transform the ‫;ݔ(‬ ‫)ݕ‬ space to the (ߦ; ߟ) space it is necessary to introduce the streamline function. The streamline function assumes a well-known form when mass addition is not considered 5, 6, 7 . When transpiration is considered, an additional function, of which we do not know an explicit expression, has to be modeled. In literature, all transpiration problems treated with the SSM consider a binding expression for the transpiration parameter that is ܸ ௪ ∝ ‫ݔ√/1‬ 4, 5, 13 . This condition on the transversal velocity, that is not useful for general transpiration cases, leads to a self-similar solution that permits the ODE system to be solved in a simple manner (Hartnett and Eckert solution 2,3,4,5,7,13 ). For a general purpose code the DDM method has been implemented. With this method, an initial solution is needed, in addition to the BC's at the wall and at the outer edge of the BL. For this reason, in this case the initial part of the flat plate is maintained without transpiration. The starting solution is extracted from the self-similar solution for a flat plate with no transpiration. In this fashion, a coupled SSM and DDM solution is adopted. For blunted bodies, it will be possible to use the integral method (stagnation point solution 2 ) to initialize the DDM. The system of equations to solve using the SSM is (2) and, with the assumption of flat plate geometry, becomes 2 (5)
where
The calculation of the Chapman-Rubesin parameter is performed using the Sutherland's viscosity law 12 .
Where S = 111K for air. Considering the expression of the arbitrary functions (6), the resulting boundary conditions are:
Where ߟ ఋ is the dimensionless coordinate at the boundary layer edge that describes the boundary layer thickness. The condition ݃(0) = ݃ ௐ implies a fixed wall temperature. A boundary condition on ݃′(0) has to be imposed if a requirement on the wall heat flux is researched. The boundary conditions on ݂ ᇱ (ߟ) and ݃(ߟ) are valid for sufficiently high values of η. The above problem is called a Boundary Values Problem (BVP) because the boundary conditions are not uniformly distributed but are supplied in different points of the domain. In this case, a fifth order problem with five BC's is presented. Three BC's are supplied at the wall and two at the outer edge of the boundary layer. This kind of problem is numerically solvable with the shooting method technique 6 . After solving the compressible BL without transpiration for the initial portion of the flat plate, the system (3) is implemented using an implicit method to avoid instability. A mix of forward and central finite differences 7, 8 has been used.
V. Variable Transpiration
A campaign of simulations has been performed to verify the numerical stability of the solver and to determine if the resulting outcome from the DDM follow the SSM solution 6 . The validation for constant values of the blowing parameter along the flat plate (ܸ ௐ = ‫)ݐ݊ܽݐݏ݊ܿ‬ has been performed with the CFD solver GASP 6, 14 . The results showed that between the two codes a maximum percentage difference of 10% is detectable where the transpiration starts. To optimize the cooling strategy, a variable transpiration along the plate has been considered. The first analysis has the goal to determine the optimal distribution of the wall velocity in terms of the heat flux minimization. The total amount of coolant introduced into the boundary layer from the surface of the material was kept constant. The results are then compared with the CFD simulations performed by the group at the Missouri University of Science and Technology using the GASP code 14 . Another simulations campaign has been performed with the goal of analyzing the cooling efficiency for different values of the coolant mass flow rate blown into the boundary layer. Canonical functions and compositions of them are used to simulate variable transpiration velocity for both the analysis.
a. Variable Transpiration with Constant Mass Flow Rate
The peak values of these distributions take into account of the flow separation problem shown in previous work 6 . Indeed the transpiration with high blowing velocity generates an inversion of the velocity into the BL (i.e. separation of the flow). Contrarily, the suction of air from the BL (negative transpiration velocity) contributes to maintain the flow attached to the plate. Taking this into account, the transpiration values considered here are consistent with the requirement of non-separation of the BL. The coolant mass flow rate per unit width of the flat plate is maintained constant to 0.0646 ‫ݏ/݃ܭ‬ • ݉
b. Variable Transpiration with Different Mass Flow Rate
The same peak value of the wall velocity has been chosen where the transpiration starts (higher heat load respect to the downstream stations) and different strategies to reduce coolant mass have been analyzed. The maximum cooling has been considered for the region where the heat flux is the highest while a flexible cooling strategy for cooling of the region downstream the leading edge can be adopted. For the cases considered here, the maximum value of the transpiration velocity was chosen to avoid separation of the flow 7 as explained in section V. a. 
VI. Results and Comparisons a. Variable Transpiration with Constant Mass Flow Rate
The input parameters for the simulations are the same as the ones used in the previous work 6 • ‫ܯ‬ = 5 Free stream Mach number
Free stream temperature
Flat plate length • The transpiration cooling is activated at x=0.3m
The computational time required to solve the equations of the hypersonic boundary layer and to extract the thermal and cinematic boundary layer profiles, as well as all the others thermodynamics properties, is about 30 seconds on a typical personal computer. The BL thickness for various transpiration cases is reported on Figure 3 . The analysis of the results, for the cases considered here, shows that no single distribution of the wall velocity minimizes the wall heat transfer across the entire flat plate length. Zooming on the temperature profile at the wall ( Figure 5 .b) it can be inferred that the constant wall velocity generates the lower heat flux at the end of the flat plate because the temperature gradient at the wall is lower with respect to the other velocity distributions (green line). The constant wall velocity doesn't minimize the heat transfer for 0,4 ݉ < ‫ݔ‬ < 0,9 ݉. In this region, where the heat flux is bigger with respect to the end of the plate, the velocity distribution that generates the lower heat flux is the Constant-Linear wall velocity. Considering only the canonical functions of Figure 1 . the variable transpiration Constant-Linear is the optimum strategy to cool down the structure if the same amount of coolant blown into the boundary layer is considered. In Table 1 . the evaluation of the heat flux reduction is reported. The no-transpiration case (ܸ ௐ = 0 m/s) is considered as reference value. For the comparison an intermediate location on the flat plate is considered ‫ݔ(‬ = 0,7݉). Step Vw 14,03 -70,44
Constant-Linear Vw 1,10 -97,88
Linear-Constant Vw 16,09 -69,04
The comparisons of the wall heat fluxes deriving from the BL-Code and from GASP are presented below. The GASP code is a high order CFD code which solves the 3-D RANS equations including equilibrium and non equilibrium thermodynamic models. The same trends are obtained for the skin friction coefficient ‫ܥ(‬ ). For all the wall velocity distributions the maximum deviation between GASP and BL-Code is about 24% where the transpiration starts. Downstream the flat plate the differences are reduced ( Table 2. ). For illustrative purpose only the skin friction for Sawtooth and
Step wall velocity distributions are reported (Figure 9. ). Sawtooth Vw 21,08 9,27 8,34
Step 
b. Variable Transpiration with Different Mass Flow Rate
In section VI. a. the minimization of the heat flux is analyzed keeping constant the injected coolant mass (9). Other requirements to satisfy could be the minimization of the amount of coolant fluid necessary to protect the structure (meaning a reduced amount of coolant fluid to be carried on-board). The general strategy adopted here is to reduce the transpiration velocity at the end of the flat plate which is exposed to the lower thermal load. In this case, with respect to the minimization of the heat flux, a bigger wall heat flux will be located at the end of the flat plate but the amount of coolant mass blown into the boundary layer will be reduced. The same wall velocity functions are used but with different nominal values (Figure 2. ). The same value of the transpiration velocity is used where the cooling starts (x=0,3 m → ܸ ௐ = ‫.)ݏ/݉3,0‬ The simulations have been performed with the same input parameters reported in section VI. a. The choice of lower values of the transpiration velocity at the end of the flat plate drives to higher wall heat flux (comparison of Figure 6 . and Figure 11 .) but a significant reduction of the total mass flow rate is obtained (comparison of Table 3. and Table 2 .). Step Vw 0,0560 -13,31
Constant-Linear Vw 0,0482 -25,39
Linear-Constant Vw 0,0675 4,49
The reference value of the mass flow rate is taken from the variable transpiration analysis with constant mass flow rate (9). Table 3 . shows that accepting a bigger heat flux at the end of the flat plate can reduce the amount of coolant fluid on-board by about 37%. The analysis shows that it is necessary to adopt a wall velocity distribution that generates almost the same heat flux across the entire flat plate surface if the minimization of the coolant amount is researched.
VII. Conclusions
In this paper the main effects from the injection of air into a supersonic shear layer with different transpiration strategies are shown. A reduced order model that captures the relevant physics has been developed and implemented in a computationally inexpensive code that solves the simplified Navier-Stokes equations for the hypersonic boundary layer. Different distributions of the transversal velocity are implemented to simulate the variable transpiration cooling. The transpiration cooling problem is numerically solved by the Difference Differential technique without adopting the Self-Similar solution. It is possible to find a similar solution only in the case of ܸ ௐ~‫ݔ‬ ିଵ ଶ ⁄ which does not allow the possibility to study generic distributions of variable transpiration. Two different analyses are performed to investigate possible strategies to increase the cooling effectiveness. In section VI. a. the minimization of the heat flux is analyzed. The analysis shows that the Constant-Linear distribution minimizes the wall heat flux almost along all the flat plate length if the coolant mass flow rate is kept constant. The results are compared with the CFD code GASP. The comparisons between the two codes have shown that BL-Code is capable of predicting the heat fluxes and skin friction on the surface. In section VI. b. the minimization of the mass flow rate blown from the porous wall is considered. The analysis shows that it is possible to optimize the transpiration cooling technique using less amount of coolant (i.e. lower ܸ ௐ ) where the heat flux is lower. Analyzing the Saw-tooth wall velocity distribution in Figure 11 ., decreasing the transpiration velocity at the end of the flat plate the wall heat flux becomes 2,5 times bigger respect to the constant mass flow rate analysis (the heat flux goes from ‫ݍ‬ ௐ_ௌ௪௧௧ = 8,05 ܹ݇/݉ ଶ to ‫ݍ‬ ௐ_ௌ௪௧௧ = 21,47 ܹ݇/݉ ଶ ). The decreasing of the transpiration velocity at the end of the flat plate generates a savings of about 37% on the coolant mass (Table 3. and Table 2 .). The overall strategy to minimize the total mass of coolant injected into the BL is to maintain the heat flux as constant as possible along the plate. Both, the minimization of the heat flux analysis and the minimization of the mass flow rate analysis show the importance to have the capability to quickly predict and simulate the Boundary Layer behavior by systematically varying the boundary conditions. The capability of BL-Code to perform a complete analysis in less than one minute make it a useful tool to do quick sensitivity analyses and parametric analyses to assess the cooling strategy and optimize the cooling system. The code is also an ideal analysis tool for an integrated aerodynamic-material study and MDO applications for high-speed aerospace vehicles design.
